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Introduction

P RESSURE-SENSITIVE paint (PSP) is an optical sensor
for measuring surface pressure distributions on wind-tunnel

models.1;2 Because of oxygen quenching of luminescence, the lu-
minescent intensity I emitted from PSP is related to air pressure p
by the linear Stern–Volmer relation over a certain range:

Iref=I D A.T / C B.T /.p=pref/ (1)

where Iref and pref are the reference luminescent intensity and pres-
sure at a known temperature, respectively.The Stern–Volmer coef-
� cients A.T / and B.T / are temperaturedependentbecause temper-
ature affects both nonradiative deactivation and oxygen diffusion
in a polymer. In principle, a priori calibration of PSP in a pres-
sure cell can be used for conversion from the luminescent intensity
to pressure using Eq. (1). However, this approach often leads to a
considerable systematic error because the surface temperature dis-
tributionis not known and the illuminationchange on surfacedue to
model deformation cannot be corrected by image registration. The
systematic error is also related to uncontrollableenvironmentaltest-
ing factors. Therefore, in actual PSP measurements, experimental
aerodynamicists calibrate PSP in situ by � tting (or correlating) the
normalizedluminescent intensityto pressure tap data at a numberof
distributed locations. In a sense, in situ PSP calibration eliminates
the systematic error associated with the temperature effect and the
illumination change by absorbing it into the overall � tting error.
In situ PSP calibration uncertainty is not suf� ciently discussed, al-
though Sajben3 and Liu et al.4 have given a general uncertainty
analysisof PSP. Recently, Kammeyer et al.5;6 assessed the accuracy
of The Boeing Company productionPSP system by statistical anal-
ysis of comparison between PSP and pressure transducers over a
large numbers of data points on a 1/12th-scale model of a Cessna
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Citation.Tests were run at several Mach numbers from 0.22 to 0.82,
two Reynolds numbers of 4.5 and 8.3 £ 106 , and 14 angles of at-
tack ranging from ¡4 to 10 deg. Kammeyer et al. found that in situ
calibration error was a function of the angle of attack (AOA) and
Mach number. It was also found that the histogram of the overall
set of in situ PSP errors obtained at all of the Mach numbers and
AOA exhibited a distinct non-Gaussian distribution. In this Note,
we study in situ calibrationuncertaintyof PSP througha simulation
of PSP measurements in subsonic Joukowsky airfoil � ows where
in situ calibration uncertainty is mainly attributed to the tempera-
ture effect of PSP and illumination change on surface due to model
deformation.The simulation complements the experimental results
obtained by Kammeyer et al.5;6 providing useful insights to in situ
calibration uncertainty of PSP.

Simulated In Situ PSP Calibration in Subsonic
Joukowsky Airfoil Flows

Hypothetical PSP measurements on a Joukowsky airfoil in sub-
sonic � ows are considered to estimate in situ PSP calibration un-
certainty. The airfoil and incompressible potential � ows around it
are generated using the Joukowsky transform. The pressure coef-
� cients on the airfoil in the corresponding subsonic compressible
� ows areobtainedusingthe Kármán–Tsien rule. We consideran adi-
abatic model at which the adiabatic wall temperature Taw is given
by Taw=T0 D [1 C r.° ¡ 1/M 2=2][1 C .° ¡ 1/M2=2]¡1. The recov-
ery factor is r D 0:843 for a laminar boundary layer on the airfoil.
Assuming that the reference temperature Tref in the wind-off case
equals to the total temperatureof the � ow T0 D 293 K, we can calcu-
late the temperature difference 1T D Taw ¡ Tref between the wind-
on and wind-off cases. Figure 1 shows typical distributions of the
pressure coef� cient C p and adiabatic wall temperature Taw on a
Joukowsky airfoil at AOA D 5 deg and Mach 0.4. The airfoil has a
25% thickness and 2% camber relative to the chord.

In an object–space coordinate system whose origin is located
at the leading edge of the airfoil, four light sources for illuminat-
ing PSP are placed at the locations Xs1 D .¡Nc; 3 Nc/, Xs2 D .2 Nc; 3 Nc/,
Xs3 D .¡Nc; ¡ 3 Nc/, and Xs4 D .2 Nc; ¡ 3 Nc/, where Nc is the chord of the
airfoil. When a light is modeled as a point light source with unit
strength,distributionsof the illumination radianceon the upper and
lower surfaces of the airfoil are

Lup D jXup ¡ Xs1j¡2 C jXup ¡ Xs2j¡2

L low D jXlow ¡ Xs3j¡2 C jXlow ¡ Xs4j¡2 (2)

where Xup and Xlow are the coordinates of the upper and lower sur-
faces of the airfoil, respectively. Two cameras, viewing the upper

Fig. 1 Typical distributions of the pressure coef� cient Cp and the adi-
abatic wall temperature Taw on a Joukowski airfoil.
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surface and lower surface from the normal direction to the airfoil,
are located at . Nc=2; 4 Nc/ and . Nc=2; ¡4 Nc/, respectively.

Aerodynamic load produces elastic wing deformation composed
of twist and bending, while the local wing airfoil section remains
unchanged.7 Therefore, the local movement of the airfoil at a span-
wise locationcanbedescribedbya superpositionof a rotation(twist)
and a translation. At a spanwise location, the local transformation
from the nondeformed surface coordinates X D .X; Y /T to the de-
formed coordinates X0 D .X 0; Y 0/T is

X0 D
³

cosµtwist sinµtwist

¡ sin µtwist cos µtwist

´
X C T (3)

where µtwist is the localwing twist and T D .0; Ty /T is the translation
vector assuming the translation in the x direction is zero. The wing
bending is usually given by Ty as a function of the spanwise coor-
dinate. Both the twist µtwist and bending Ty are a function of AOA ®
for a given Mach number and Reynolds number. Based on previous
wing deformation measurements,7 we use the typical linear rela-
tions µtwist D ¡0:113® (deg) and Ty D 0:022® (in.) [0.559® (mm)]
over a certain range of AOA. Thus, using Eqs. (2) and (3), we can
estimate a change of the illumination radianceon the airfoil surface
due to deformation.

Presumably, a typical PSP, bathophen ruthenium chloride
plus silica gel in GE RTV 118, is used,4 which has the
temperature-dependent Stern–Volmercoef� cients A.T / ¼ 0:13[1C
2:82.T ¡ Tref/=Tref] and B.T / ¼ 0:87[1 C 4:32.T ¡ Tref/=Tref] over
a temperature range of 293–333 K. In simulations, the measured
luminescent intensity I distributionof PSP in the wind-on case (de-
formation case) is generated by

I=Iref0 D .Iref=Iref0/[A.T / C B.T /.p=pref/]
¡1

D .L=L0/[A.T / C B.T /.p=pref/]
¡1 (4)

where Iref0 and Iref are the referenceluminescentintensities(without
wind) on the nondeformedairfoiland deformedairfoil, respectively.
Equation (4) assumes that Iref0 and Iref are proportionalto the corre-
spondingilluminationradiancelevels L0 and L on the nondeformed
airfoil and deformed airfoil, respectively.The illuminationradiance
levels L0 and L in Eq. (4) can be calculated using Eq. (2) coupled
with Eq. (3). In Eq. (4), the surface temperature T is substituted
by the adiabatic wall temperature distribution Taw , and the pressure
distribution is given by the Joukowsky transform plus the Kármán–

Tsien rule for subsonic � ows. Therefore, the resulting luminescent
intensity distribution given by Eq. (4) contains effects of both the
illumination change and temperature variation on the surface.

When it is assumed that the wind-on image I is already aligned
with the wind-off image Iref0 on the nondeformed airfoil by image
registration, in situ PSP calibration is made to correlate Iref0=I to
p=pref using the Stern–Volmer relation. Figure 2 shows typical in

Fig. 2 In situ PSP calibration on a Joukowski airfoil at AOA = 5 deg
and Mach 0.4.

Fig. 3 Histogram of in situ PSP calibration error on a Joukowski air-
foil at AOA = 5 deg and Mach 0.4.

Fig. 4 Standarddeviationof in situ PSP calibrationerror as a function
of AOA at Mach 0.4.

situ PSP calibrations on the upper and lower surfaces of the airfoil
for AOA D 5 deg and Mach 0.4, where 104 virtual pressure taps are
used for each of the upper and lower surfaces.The in situ calibration
curves on the upper and lower surfaces are different due to the sig-
ni� cant temperature difference and change of the illumination level
on the surfaces.Figure 3 shows a histogramof the normalized in situ
calibrationerror 1p=pref D .p ¡ pin situ/=pref in this case, where 1p
is a difference between the true pressure from the theoretical dis-
tribution and the pressure converted from the luminescent intensity
using in situ calibration. For a given AOA and Mach number, the
histogram of in situ calibration error exhibits a near-Gaussian dis-
tribution.The standard deviation of the probabilitydensity function
is dependent on AOA and Mach number. Figures 4 and 5 show the
standard deviation of in situ calibration error as a function of AOA
for Mach 0.4 and as a function of Mach number for AOA D 5 deg,
respectively.The isolatedeffect of the temperatureand illumination
change on the standard deviation is also shown in Figs. 4 and 5.
The behavior of the calculated standard deviation as a function of
AOA and Mach number is very similar to the experimental results
obtained by Kammeyer et al.5;6 The concavity of the standard de-
viation as a function of AOA in Fig. 4 is mainly attributed to the
movement of the airfoil.
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Fig. 5 Standarddeviationof in situ PSP calibrationerror as a function
of Mach number at AOA = 5 deg.

Fig. 6 Histogram of a unionofall samplesets of in situ PSP calibration
error over the whole range of AOA and Mach numbers.

Kammeyer et al.5;6 found that the histogram of in situ calibra-
tion error was non-Gaussian for the overall set of samples over the
whole range of AOA and Mach numbers. Figure 6 shows the sim-
ulated distribution for an overall set of samples of 1p=pref (a total
of 10,920 samples) over the whole range of AOA and Mach num-
bers, which duplicates the experimental non-Gaussian distribution
given by Kammeyer et al. The Gaussian distribution with the same
standard deviation is also plotted in Fig. 6 for comparison. In fact,
for a union of sample sets having near-Gaussian distributions with
different the standard deviation values at different AOA and Mach
numbers, the distributionbecomes non-Gaussianbecause more and
more samples accumulate near zero when forming the union of the
samplesets. The probabilitydensityfunctionof a unionof N sample
sets is given by a sum of the Gaussian distributions rather than the
Gaussian distribution, that is,

N ¡1
NX

i D 1

exp

³
¡x2

2¾ 2
i

´¿p
2¼¾i (5)

As shown in Fig. 6, the distribution Eq. (5) correctly describes the
simulated distribution. Note that we should not confuse this case
with the central limit theorem that deals with a sum of independent
random variables. Although the simulation is made for an airfoil
section of a wing, the error for the wing can be estimated by aver-
aging the local results over the full span of the wing. The behavior
of the error for the wing should be similar to that for the airfoil.

Conclusions
In situ calibrationuncertaintyof PSP on the Joukowsky airfoil in

subsonic � ows is dominated by the temperature effect of PSP and
the illumination change on surface due to model deformation, and
therefore, it depends on AOA and Mach number. For a given AOA
and Mach number, the probabilitydensitydistributionof errorsof in
situ calibrationconductedon the airfoil is near-Gaussian.However,
the distribution becomes highly non-Gaussian for a union of all of
the sample sets over the whole range of AOA and Mach numbers,
which can be described as a sum of the Gaussian distributions.The
simulation is consistent with the experimental results obtained by
Kammeyer et al.5;6
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I. Introduction

A NALYSIS of � utter and buckling of beams has long attracted
attention in the applied mechanics community. The mathe-

matical solutions for the critical force of a beam with different
boundary conditions subjected to a nonfollower compression were
given in the monograph by Timoshenko and Gere.1 In addition,
� utter analysis of a cantilever beam was also brie� y conducted in
the monograph. Beam buckling is an instability phenomenon re-
ferring to change of equilibrium state from one con� guration to
another one at a critical compressionvalue. On the other hand, � ut-
ter is another type of beam instabilitywhen the vibration amplitude
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